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Motivation
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Original data

* Our dataset X has N observations (rows) and I variables (columns)
* Each point is an observation in the original coordinates system

Original data
(high-dimensions)

Variable #1

Mina Nashed, Biorender
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* What are the perpendicular directions of maximal variance?
* =~ Directions along which points spread the most

Original data
(high-dimensions)

Variable #1

Mina Nashed, Biorender
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Projection

* Once we have those directions (or components), project the data on
those new axes

Original data Lower-dimensional
(high-dimensions) embedding
N
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o PCA dimensionality g PC1
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Principal component #1

¢ Maximize variance along PC1
e Minimize residuals along PC2

Mina Nashed, Biorender
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Matrix factorization

zuT)

* Factors/Directions/Components are in fact latent variables:

XU (or X

~
~

* Mathematically: Z

— Clever recombinations of the base features (encoded in U here)
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PCA - The eigenproblem

argmaxVar(Xu;) Vi o Vy(UTXTXU-UTU-1)A)=0

utU=1
* Vy(...) =0: a maximum of a function is where its slope is null T _
* Var(XU) o< ¥y ul X" Xu; = TraceU XTXU) < (X X) U=UA
. v

—(UTU-1)A (Lagrange multiplier) lowers the function we want to
maximize only when UTU # I Var(X)

This is an eigenvalues equation
(Solvable numerically and interpretable geometrically)
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Removing components

* Directions with negligible stretch (1; < 1) are irrelevant
— We can get rid of them (they play no role)

* Removing directions — Low-rank approximation

Project on X+Y+Z
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* Keep only the K “strongest” directions: Z
— Removes noise in the data, helps the interpretation
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In practice

* In practice, finding the cutoff might not be easy:
* Heuristics, cutoff criteria, cross-validation, ...

Cutoff?

—

Intuitive cutoff [ l

Eigenvalues A
Eigenvalues A

0 20 40 60 8 100 [ 20 60 8 100
Components

Components

* A quicker and more stable path is noting that:
* Var(X)=X"x=UAUT
* X=VVAUT is the Singular Value decomposition (SVD) of X
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More than one dataset

e PCA: axes of max variance within one dataset, then cutoff
e argmax Var(Xu;) s.i.[u||=1,u; Lu; Vi, j

e PLS: axes of max covariance between two datasets, then cutoff

° argmax Cov(Xu;, Yv;) s.t.llul|=1,[[v;|| =1V
Input Space Output Space Relation
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Figure 1: When x; increases (captured by u;), y1 and y, increase (capt. vy).
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PLS

* Same story as PCA, different objective argmax u]X"Yv; Vi
llugll=1,llwilI=1

— Find that v; o YT Xu;
— Rewrite the objective argmaxu! X" YY" Xu; (looks like PCA) T T _
lall=t ' <> XYY X u; = Ai u;
— Find that( X'y Y'X |ui= A
Xy XX

Cov(X,Y) Cov(Y,X).
— Remove the contributions of u;, v; (deflation), and search u;1, vis

Another eigenproblem!

Input Space Output Space Relation
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Figure 2: When x; increases (captured by u;), y1 and y, increase (capt. v;).
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PLS — Directions of what

¢ PCA searched for principal components of XTX =X xy
* PLS searches for principal components of (XTY)(YTX)=2ZxyZyx
* Yyx quantifies how well Y predicts X

® LxyZyx ~VarZyx)
— Principal components are the most expressive directions of a round

o Ixy 2
trip X 2 Y XX X, and conversely

PCA PLS
ny Zyx
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PLS VS CCA

e PLS maximizes covariance Cov(X,Y) ; CCA maximizes Corr(X,Y)
* Corr is a normalized Cov : Corr(X,Y) ~Cov(X,Y)/(I1XII- 1Y)

e PLS maximizes covariance Cov(X,Y):
x No uniquely defined solution (deflation strategies), sensitive to scale
v Robust against colinearities

e CCA maximizes correlation Corr(X,Y):
V" Uniquely defined solution (canonical), no scale considerations
x Sensitive to colinearities

* Colinearity: when vars are redundant (if x, =5x;, we only need x;)
* Makes Var(X) “zero-like”, so Corr(X,Y) is not defined

. ) CCA
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CCA

* Objective:

argmax  u! XTYvi/\/Var(Xu)Var(Yv) Vi
Var(XU)=Var(vV)=1

argmax  u/ X"y, Vi WPCA'

:VfUYXU):VarH’V]:V !
. [ERigenproblem.

* Resolution: same as PLS -
— Find that Vo Var(y)'YTXU [
— Inject the expression of V in the objective
— Find that
((x'xr%x'Y(V'Y)"y'x(x'xr% U'=U'A
— More simply (27, £y x) U’ = AU’ with
U'=yVar(X)U — Eigenproblem

<

xTx e xTyy Ty e vy ey Tx(xTx) 2

Corr(X,Y) Corr(Y,X)

Eigenproblem again! 7
Beliaye it or 6,
i bleni"again.




CCA - Directions of what

* PCA searched for principal components of X7 X =Xxx

* PLS searched for the PC of (XTY)(YTX)=ZxyZyx
e CCA for the PC of ilT,Xiyx, with £y x is the whitened =y x

* ¥y x quantifies how well scale-free and uncorrelated Y predicts X
— Principal components are the most expressive scale-free and

N P N 5
uncorrelated directions of a round trip X = ¥ "5* X, and conversely

PCA PLS CCA
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Probabilistic versions

* Probabilistic formulations of these statistic tools exist:
* p-PCA:z~.#(0,1); X=Uz+N(0,0%])
* p-FA:z~H(0,I); X=Uz+N(0,9y)
* p-PLS: 2~ AN (0,); X=Uz+N(0,9,); Y=Vz+ /(0,9
* p-CCA: z~N(0,]); X=Uz+N(0,9y); Y=Vz+A(0,9))

* Useful to: P(A|B) = %
* Handle missing data
* Uncertainty estimation Posterior
* Generate observations
* Estimate distributions
* Bayesian frameworks Datnor o
° Likelihood
= I :
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Summary

e PCA: variance in one dataset
— “Which parts of X vary the most?"
— Directions in Var(X)
* PLS: covariance between two datasets
— "Which parts of X helps predict Y the most?”
— Directions in Var(X'Y) and Var(yTX)
e CCA: correlation between two datasets
— “Which standardized parts of X helps predict Y the most?”
— Directions in Var((X"'X)%X"'Y(YTY)%) and conversely
* More than two datasets?

PCA PLS ccA

#
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* We might want to relate more than two datasets at once:
— Ex: metabolic profile, lifestyle habits, environmental exposures

e Problem: Cov(A,B,C) does not exist.
No definition of covariance for more than two variables
* \We can use tricks to force the covariance to accommodate more
than three datasets Xj, ..., Xj:
* SUMCORR: argmaxy;,w; Z?qurr(X,-wi,ijj) (pariwise)

* SSQCOR: argmax;,w; X7 .Corr(X,'wi,ijj)2 (pariwise)

i<j
* MAXVAR: argmaxz,wl.Z:LjCorr(Xiw,-,z) (shared representation)

Var(X)  Cov(X.Y) Cov(X.Z)

Y=| Cov(X.,¥) Var(Y) Cov(Y,Z)
Cov(X.Z) Cov(Y.Z) Var(Z)
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More iterations

* Many iterations:

* Regularization

* Sparsity

* Supervised learning
Block handling

* Nonlinearity

* Widely used state-of-the-art
models as a combination of
those:

* MOFA: FA + sparsity +
shared and private latent
factors.

* DIABLO: SUMCORR-gCCA
+ sparsity + supervision

Ly-non
penalty on u,

Constrained CoA
pax com(Fyu, Vo)
with penalty on u, |

penalty on uy
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‘Sparse CCA
max corr (¥, Yauz)
" With [l < 6

Nonlinear CCA
[ corr(@ (¥, )uy, $(¥2)

Prior group
information about
observations

=

Adding a reference
variable vy,
across subjects
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Regularized kernel CCA Deep cca
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Temporally shifting ¥, for multiple time points
and concatenated them to form ¥, and

Temporal kemel CCA
Vi Hw,

" eI + 1B, T A




Thanks for your attention!
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